Abstract: In a many body theory of fermions with two-particle interaction, I derive a variant of Hedin's equation for the vertex that contains the Hartree propagator, instead of the exact one. I count Feynman diagrams for the exact self-energy, vertex and polarization, by considering the so modified set of Hedin's equations in zero-dimensional space-time. The counting numbers are also obtained for the GW approximation.
Introduction
I consider a system of fermions described by the Hamiltonian H = i h(i) + i<j v(i, j), where h is a single-particle operator and v is the two-particle interaction. In general, to obtain dressed correlators that describe quasiparticles and collective excitations, one must sum over classes of diagrams of all orders of perturbation theory in v. An efficient way to do so, is to evaluate the Green function G(1, 2) and the effective potential W (1, 2) from the proper self-energy Σ(1, 2) and polarization Π(1, 2), through the Dyson equations
Repeated primed space-time and internal variables are hereafter understood to be summed or integrated. A convenient choice for the Green function g(1, 2) is that of the interacting system in the Hartree approximation, with exact particle density; Hartree-type insertion (tadpoles) are then already accounted for. Since self-energy and polarization diagrams have unique skeleton structures, one can write two equations describing full dressing of the two basic skeleton graphs [1] :
They contain the vertex function Γ, which has an infinite number of skeleton diagrams. In the GW approximation (GWA), all corrections to the bare vertex Γ (0) (1; 2, 3) = δ(1, 2)δ(1, 3) are ignored, and the four Eqs. (1-4) become a closed set of integral equations [2] , [3] .
The exact vertex solves an integral equation with a kernel that, in Hedin's theory [4] , is evaluated as a functional derivative involving previously defined quantities:
Therefore, the five Hedin's equations (1) (2) (3) (4) (5) are formally closed and exact for the five quantities G, Σ, W , Π and Γ, which are functionals of g and v.
In this letter I rewrite the vertex equation in another simple form, with g replacing G, and apply the modified exact set of Hedin's equations to the problem of counting Feynman diagrams of the perturbative expansions of Σ, Γ and W , with their loop content. Counting numbers are also evaluated in the GW approximation. With the constraint of no Hartree-type insertions, this approach is more direct than the usual one, based on the functional integral [5] , [6] .
A variant of the vertex equation
The vertex equation (5) can be written in the different form
The formula can be advantageous when the self-energy is approximated by some explicit functional of g and v, which are the free functional variables of the many body problem. It states explicitly that vertex diagrams are obtained from all self-energy diagrams through the insertion of a bare vertex in a single Hartree propagator line, in all possible ways. This is easily checked on the low order diagrams. A hierarchy of equations of the same form, that relate an approximation Γ (n+1) to the derivative of Σ (n) , was obtained by Godby and Schindlmayr [7] to produce systematic vertex corrections; Eq.(6) is the n → ∞ limit of it.
The simple proof is a modification of Hedin's construction, to which I refer. I recall the definition of the vertex function
The potential V is the sum of an external potential (which is turned off at the end) and the Hartree potential d2v(1, 2)n(2), built with the exact particle density. In Hedin's original construction, the functional derivative in V is written, through the chain rule, as a derivative involving the exact Green function G. It is admissible to do so in terms of g:
From the Hartree equation (i∂(t
Counting Feynman diagrams
In zero dimension of space-time, the four Hedin's equations (1-4) become algebraic, with parameters g and v, and the functional derivative in the vertex equation (6 ) is an ordinary one. After removing imaginary factors and replacing the factor (−2), due to the fermionic loop and spin summation, with a parameter ℓ that counts loops, the Hedin's equations are:
By searching solutions as series expansions in the variables v and ℓ, one obtains coefficients that count all Feynman graphs, with weight one, that contribute to a perturbative order, with a given number of fermionic loops. I begin by solving for the self-energy. Elimination of G, W and Π gives
It is useful to consider adimensional quantities, Σ = gvs(x) and x = g 2 v. After use of the equation for Γ one obtains a differential equation for s(x) (an Abel's equation of the second kind, [8] ).
There is no standard solution of the equation. The last line corresponds to ℓ = 1. For example, at order v 3 there are 20 selfenergy diagrams, 10 with no loop, 9 with a single loop and 1 with two loops. At each perturbative order there is a single diagram with largest number of loops; the sum of such diagrams yields the ring approximation Σ r = igW r , where the effective potential W r is evaluated with ring insertions Π r = −2ig
The expansions for the vertex and the polarization are then obtained (I omit the propagator and the effective potential) The nine vertex diagrams of second order (three of them with one loop) are shown in [1] . Note that the counting numbers for the ℓ = 1 expansions of the polarization and the self-energy are the same. This occurs also in Q.E.D., where counting numbers are reduced by the cancellation of pairs of diagrams which differ by orientation of a fermionic loop with an odd number of propagators (Furry's theorem) [9] .
For comparison, I also evaluate the counting numbers in the GW A, which corresponds to Γ = 1 in Hedin's equations. Eq.(11) for the self-energy becomes algebraic cubic, with solution If the bare propagator g 0 of independent fermions (v = 0) is used instead of the Hartree function g, the lines of the Feynman diagrams must be dressed with tadpole insertions. The Hartree propagator g that adsorbs tadpoles and g 0 are related by the Dyson equation g = g 0 + g 0 (ℓvG)g. Hedins's exact equations modify into
One evaluates expansions in ℓ and x 0 = vg 
The coefficients for ℓ = 1 coincide with those reported in [5] , for a complex scalar field with action A(φ, φ * ) = φ * g −1 0 φ + 1 2 φ * 2 vφ 2 , which generates the same enumeration of Feynman graphs. G can be given in analytic form.
